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1. INTRODUCTION 
Consider the one-dimensional delay-differential equation 
x’(t) = -a(t) a(f)), (1.1) 
where a: [0, 00) + [0, co) and g: [0, co) + R are continuous functions, and 
g(t) < f for t 2 0. Suppose that there exists q > 0 such that t -g(r) < q for 
all t>O. Yorke [3] has shown that if 
c( = sup a(t) 6 3/2q, 
f>O 
(1.2) 
then the zero solution of (1.1) is uniformly stable. The author [2] 
improved this result and proved the uniform stability for ( 1.1) under 
s f+q A=sup a(s) ds < 312. fZ0 1 (1.3) 
The upper bound 3/2 is the best possible for (1.2). Roughly speaking, if we 
put q + co, then (1.2) implies a(t) E 0, but (1.3) would be expected to make 
sense. Furthermore, it has been shown in [2] that lim inf, _ m a(t) > 0 and 
A< 3/2, then the zero solution of (1.1) is uniformly asymptotically stable. 
For example, if 0 < aq < 3/2, then the zero solution of 
x’(r) = -CLx(g(t)) (1.4) 
is uniformly asymptotically stable. 
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However, if t-g(f) is not bounded, this is no more true. In this paper, 
we will study the condition 
/I = sup s ’ a(s)ds<3/2 (or <3/2) (1.5) I>0 n(r) 
as a criterion on the stability for (1.1). But in case t -g(t) is not bounded, 
even if I < 3/2, the zero solution of (1.1) is not uniformly asymptotically 
stable. In fact, suppose that i < 1 and g(t) -+ cc as t -+ co, and for any 6 > 0 
and T> 0, let x(t) be the solution of ( 1.1) with the initial function 4(s) = 6 
for SE [g(T), r] at T. Then 
x(g-‘(T))=S 1-,r+“‘+)d~) 
c 
We will show the zero solution of (l.l), or rather, the more general 
equation is uniformly stable if II 6 3/2, and is asymptotically stable under 
1< 312 and some conditions. 
2. DEFINITIONS AND ASSUMPTIONS 
Let g: [0, co) + R be a non-decreasing continuous function such that 
g(r) < t for all t > 0. For H > 0 and t z 0, let C,(t) be the set of continuous 
functions 4: [g(t), t] -+ R such that 
lIdII,= sup I#)1 <lX 
SE Cdl). rJ 
Consider the one-dimensional delay-differential equation 
x’(t)=F(t, x(.)), (2.1) 
where F( t, 4) is a continuous functional of t > 0 and 4 E C,(t), and x’(t) 
denotes the right-hand derivative of x(t). For to >O and 4 E C,(t,), we 
denote by x(t; t,,, 4) the solution of (2.1) such that x(s; to, 4) =4(s) for 
s E [ g(t,), to]. We assume that F(t, 0) = 0 so that x(t) = 0 is a solution of 
(2.1), which we call the zero solution. 
DEFINITION 1. The zero solution of (2.1) is said to be stable if, for each 
E > 0 and to 2 0, there exists 6 = @to, E) > 0 such that 4 E Cd (to) implies 
1 x(t; to, b)I < E for all t > to. The zero solution of (2.1) is uniformly stable 
if the above number 6 is independent of to. 
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DEFINITION 2. The zero solution of (2.1) is said to be asymptotically 
stable if it is stable and for each to >/ 0 there exists do = 6, (to) > 0 such that 
for each 4 E CaO(tO), 
x(t;t,,#)--*O as t-co. 
DEFINITION 3. The zero solution of (2.1) is said to be uniformly 
asymptotically stable if it is uniformly stable and there exists 6, > 0 such 
that for each E > 0 there exists T(E) >O such that to 20 and 4 E C,,(t,) 
imply 
I x(t; to, 411 < 8 for all t > to + T(E). 
We assume that there exists a continuous function a: [0, 00) -+ [0, co) 
such that 
a(t) M,(4)> -fit, $)a -a(t) M,(-4) forall t>O 
and de C,(t), (2.2) 
where M,(4) = max 10, sup,, Cg(r), rl 4(s)>. 
LEMMA 2.1. Suppose that (2.2) holds. Then 
I F(t, 411 G a(t)114 II, for all t 20 and 4 E c,(t), (2.3) 
and each solution x(t; to, 4) of (2.1) with to>0 and q4 E C,(t,) satisfies that 
I x(t; to, b)I B II 4 II 1o exp 1’ a(s) ds. 
f0 
(2.4) 
Proof. It is clear from (2.2) that (2.3) holds, and (2.4) follows from 
(2.3) and Gronwall’s inequality with respect o 1) 11,. 
Consider the delay-differential equation 
x’(t) = -a(t) xMt)h (2.5) 
where a: [0, co) + [0, co) is a continuous function. The right-hand side of 
(2.5) satisfies (2.2). Suppose that o = SUP,,~ g(t) < co. For any to 2 CJJ and 
4 E C,(t,), let x(t) = x(t; to, 4) be a solution of (2.5). Then g(t) < to for all 
tB to, and x’(t)= -u(t) q+(g(t)). Hence we have 
x(t) = d(to) - j’ 4s) 4Ms)) ds. 10 (2.6) 
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Let $(t) E 6 > 0. Then (2.6) implies that 
Thus it is clear that the zero solution of (2.5) is uniformly stable if and 
only if 
s 
ru 
a(s) ds < coo. 
0 
(2.8) 
But it follows from (2.8) that there exists T>O such that 
a(s) ds < l/2 for all t > to b T, 
and by which and (2.7) x(t) > 6/2 for all t 2 to. Therefore, the zero solu- 
tion of (2.5) is never asymptotically stable under (2.8). Thus in case g(t) is 
bounded, the behavior of solutions of (2.5) is not so interesting. So we 
assume in the sequel that 
g(t) + a as t-cc. (2.9) 
For each t>O, let g-i(t)=sup{s;g(s)= t}. Then g-‘(t) is a piecewise 
continuous function. Note that t d g ~ ‘( g( t )) for t 2 0. 
3. UNIFORM STABILITY 
In this section we study the uniform stability of the zero solution of (2.1) 
under the assumptions (2.2) and (2.9). We use the notations I 
’ A=sup s a(s) ds and p = inf s a(s) ds. r>o g(r) r>o n(t) 
Let x(t) be a solution of (2.1) on [g(tl), ti] for t, 30 such that x(t)>0 
for all tE(g(tl), tl). Then by (2.2) 
Similarly, if x(t) is a solution of (2.1) on [g(tl), t,] such that x(t) < 0 for 
all t E (g( t, ), t 1 ), then x( t i ) x’( t, ) < 0. Thus we have the following lemma. 
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LEMMA 3.1. For some t, 30, let x(t) be a solution of(l.1) on [g(t,), ti] 
such that Ix(t)1 >Ofor all tE(g(t,), tl). Then 
x(t,) x’(t,) < 0. 
From now on we assume that A d 312, and hence 
(3.1) 
Let x(t) be a solution of (2.1) on [g(g(ti)), T] for some 06 ti < T such 
that 
x(t,)=O and x(t)>0 for all TV (ti, T], 
and let r = sup,, cg(g(f,)), t,l (x(s)1 . We shall show that 
Ix(t)1 <Br for all TV [ti, T]. (3.2) 
It suffices to show that for each E > 0, 
x(t) < qr + E) for to [t,, T]. 
If it were not the case, there exist E > 0 and t, E (tl, T) such that 
x(t3) = 0(r + E) and x(t) < f3(r + E) for all tc [tl, t3). (3.3) 
By Lemma 3.1, g( t3 ) < t i, and hence 
t, <g-l(tJ 
It follows from Lemma 2.1 that 
Ix’(t)l ~4tNl-4~)llt6r4~) for te IIs( t,l, 
and 
Ix’(t)1 G(r+~)a(t) for TV [ti, t3]. 
(3.4) 
Then we have 
Ix(t)l=Ix(t,)-x(t)l<rJr’a(s)ds for TV LMtlL tIly I 
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and hence by (2.2), 
<a(t) sup (-x(u)) 
UE [n(r). fI 1 
<a(t) sup Ix(u)1 
UC [n(r), II1 
< ra(t) 1” a(u) du forall te [t,, t3] 
t?(l) 
Therefore. we have 
x(t) < 1 i ’ min (r + E) a(s), ra(s) 1” a(u)du ds I (3.5) 11 n(s) 
for all te [t,, t3]. Let a=j&,,, a(u) du. Suppose first CC d 1. Then by (3.4) 
and (3.5), 
I X(t3)l 6 j”““’ ra(s) j” a(u) du ds 
11 R(J) 
= h - ra2/2 
=--(l-a)(2-a)r/2+{1-(3/2-A)a}r 
G (1 -(3/2-1,)~) r 
Next suppose that a > 1. Then there exists t2 E (g( t, ), tl ) such that 
~&) a(u) du = 1. By (3.4) and (3.5), 
DELAY-DIFFERENTIAL EQUATIONS 139 
r + E) a(s) ds + u(u) du ds 
<(r+e) j” j-‘2u(s)u(u)ds)du 
L?(Q) (1 
= (r + E) c,, a(u) [g-“ui u(s) ds du 
u 
-(I.+E)/” u(u)j+“a(s)dsdu 
d(2) u 
=l(r+~)j-” a(u)du 
df2) 
+~~;;~z-~(j-;u(s)ds)2du 
= (A - 1/2)(r + E) 
G qr + E). 
In either case we have ( ,v(tj)( < 0(r + E). This contradicts (3.3) and (3.2) is 
proved. 
In a similar way, we can show (3.2) for any solution x(t) of (2.1) on 
CgMtl)h rl such that 
x(t,)=O and x(t) < 0 forall t~(t~, T]. 
Thus if a solution x(t) of (2.1) crosses the z-axis at some t,, then 
Ix(t)1 GO sup I x(s)1 
SE Cd&T(Q)). Ql 
as long as J x(f)1 #O. Therefore, together with Lemma 3.1, we obtain the 
following lemma. 
LEMMA 3.2. Assume that 2 < 312, and let x( t ) be a solution of (2.1) on 
[g(g(t,)), T] for some O<t,<Tsuch that x(1,)=0. Then 
Ix(t)l GO sup Ix(s)1 forall TV [t,, T]. 
SE Cg(g(r,)). 111 
We now state a theorem on the uniform stability of the zero solution 
of (2.1). 
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THEOREM 3.1. Assume that F( t, 4) and g( t ) satisf”] (2.2) and (2.9), and 
that 
s t a(s) ds d 312 for all t 3 0. (3.6) g(11 
Then the zero solution of (2.1) is uniformly stable. 
ProoJ Let E > 0 be given, and let 6 = se-*‘. For to > 0 and 4 E C6 (to), 
let x(t) = x(t; t,, 4) be a solution of (2.1). Then by Lemma 2.1, 
for tE [to, g-‘(g-‘(t,))]. We shall show that 
V(t)= sup I -+)I’ 
y‘s Cg(dn(f))), 11 
is non-increasing for t >,g-‘(g-‘(t,,)). Suppose not. Then there exists 
t2>gp1(g-‘(t,)) such that V’(t,)>O. It iseasy to see that V(t2)= Ix(t,)/* 
and V’(t2) = 2x(t,) x’(t2). By Lemma 3.1, there exists t, E (g(t2), t2) such 
that x(t, ) = 0. Then it follows from Lemma 3.2 that 
ix(t)i a sup I x(s)l for all te [t,, t2], 
SE Cn(n(O). 181 
and hence V’(t2) 6 0. This is a contradiction. Thus for any to 2 0 and 
q5 E Cd (to), I x(t; t,,, q5)I < E for all t b to, which completes the proof. 
EXAMPLE 3.1. Let f: [0, co) x S,+ R and a: [0, oo)-+ [0, 00) be 
continuous functions such that 0 < xf( t, x) 6 a(t) x2, where S, = {x E R; 
I x 1 < H}. Assume that a(t) satisfies (3.6). Then the zero solution of 
x’(t) = -f(t, xk(t))) (3.7) 
is uniform stable. In fact, the right-hand side of (3.7) satisfies (2.2). 
4. ASYMPTOTIC STABILITY 
In this section we assume that 
I=supl’ a(s) ds < 5 and p = inf 
I>0 n(t) s 
’ a(s) ds > 0, (4.1) 
r>o g(t) 
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so that ~9 < 1, where 8 is defined by (3.1). If x(t) is an oscillatory solution 
of (2.1), i.e., there exists a sequence (tn} such that t, + cc as 12 + cc and 
x(t,) = 0, then it follows from Lemma 3.2 that 
Ix(t)lG@ SUP Ixb)l for t>t,. 
se Cn(rl)~~ll 
Hence x(t) + 0 as t + co. If x(t) is not oscillatory, i.e., there exists T> t, 
such that Ix(t)\ >O for all t > T, then by Lemma 3.1, Ix(t)1 is non-increas- 
ing, and hence lim x(t) exists. Thus we have the following theorem. 
t+m 
THEOREM 4.1. Assume that (2.2), (2.9), and (4.1) hold. Then for each 
to>,0 and q5ECs(t,), lim,,, x(t; to, 4) exists, where 6 = Hee2”. 
We next study the asymptotic stability for (2.1). To ensure that non- 
oscillatory solutions of (2.1) tend to 0, we assume the following condition: 
there exists a continuous function a: [0, co) + [0, co) such that 
for each E>O, there exists 4 = q(s)>0 such that if 
inL Cg(r), tl d(s)>&, then F(t,b)< -vu(t) and F(t, -0)arlu(t) 
for all t > 0. (4.2) 
THEOREM 4.2. Assume that (2.2), (2.9), (4.1), and (4.2) hold. Then the 
zero solution of (2.1) is uniform stable and asymptotically stable. 
Proof By Theorem 3.1, the zero solution of (2.1) is uniformly stable. 
Let 6,, = Hee2’, to 2 0, and 4 E C,,(t,), and let x(t) = x(t; t,; 4) be the solu- 
tion of (2.1). Then by Theorem 4.1, E = lim,, co x(t) exists. As was pointed 
out, if x(t) is oscillatory, then E = 0, and if there exists T> to such that 
( x(t)1 > 0 for all t > g( T), then 1 x(t)1 is non-increasing for t > T. Suppose 
that x(t)>0 for tag(T) and E>O. Then x(t)$s for tag(T), and it 
follows from (4.2) that 
for t > T, (4.3) 
which implies that 
x(t)cx(T)-rjj’u(t)dt+ --co as t-+co. 
T 
(4.4) 
This is a contradiction. Similarly, for any eventually negative solution we 
have E = 0, which completes the proof. 
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Remark 4.1. The condition (4.1) in Theorems 4.1 and 4.2 can be 
replaced by 
I 
lim sup 5 a(s) ds < 5 and lim inf t--rai\ F?(r) I - cx*, I 
I 
a(s) ds > 0, 
n(r) 
which is shown by a slight modification of the proof of Theorems 4.1 and 
4.2. 
EXAMPLE 4.1. Let f: S, + R be an increasing continuous function such 
that 0 < xf(x) 6 x2 for x # 0, and let u: [0, co) -+ [0, GO) be a continuous 
function such that (4.1) holds. Then the zero solution of 
x’(t) = -4t)f(xMt))) (4.5) 
is uniform stable and asymptotically stable. In fact, it is clear that the right- 
hand side of (4.5) stisfies (2.2) and (4.2). 
Remark 4.2. Recently, Hara, Miyazaki, and the author [ 1 ] studied the 
asymptotic behavior of solutions of 
where A is an n x n stable matrix. It was shown that iff(x) = x, 
s 
cc * 
a(s) ds = cc and lim sup I a(s) ds < 1, 0 ,-CC &Z(I) 
then the zero solution of (4.5) is uniformly stable and asymptotically stable. 
EXAMPLE 4.2. Let f(x) be a function as above, and let c(t, s) be a 
positive continuous function for t > s such that 
and 
I s s 4 lim sup c(s, u) du ds < $ t-cc n(t) n(s) 
I s 
lim inf 
I 5 
c(s,u)duds>O. 
t-m n(t) i?(s) 
Then the zero solution of 
x’(t) = - j’ 46 ~)f(-+)) ds 
&T(l) 
is uniform stable and asymptotically stable. 
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Finally we give concrete examples of Examples 4.1 and 4.2. 
EXAMPLE Cl. Let c1 be a positive constant such that eP 3’2 < a < 1. Then 
the zero solution of 
1 
x’(t)= -- 
t+l 
-@t) 
is uniformly stable and asymptotically stable. 
EXAMPLE C2. Let { t, } and {a, > be the sequences defined by t, = 1, 
t n+I=w(t,), and a,=MtnfI- t,). Let u(t) be the continuous function 
defined by 
4tn )a, and a( t ) = linear for tE Ct,, t,+Il. 
Then the zero solution of 
x’(t) = -u(t) x3 (log t) 
is uniformly stable and asymptotically stable. 
EXAMPLE C3. The zero solution of 
x’(t)= - /,;2(f+l);(!~+l)2ds 
is uniformly stable and asymptotically stable. 
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